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Three r e l e v a n t  a n a l y t i c a l  and experimental  cons ide ra t ions  - 1  on the  i n i t i a t i o n  and propagation of i n t e r n a l  fracture i n  a s o l i d  are c a r r i e d  out .  8 .  
(a) The i n i t i a t i o n  of i n t e r n a l  f r a c t u r e  i n  the  v i c i n i t y  
of a poin t  as a r e s u l t  of converging t e n s i l e  pu l se s  i s  ana- 
lyzed.  
of t h e  f o c i  of a p r o l a t e  spheroid i s  obtained.  
A reasonable e s t ima te  of t h e  state of stress nea r  one 
(b) Experimental success i n  r e f l e c t i n g  and focusing sharp  
p u l s e s  and thus f r a c t u r i n g  the neighborhood of a focus i n  a -  
p r o l a t e  spheroid i s  observed. 
t u r e  ranging from a p inpoin t  to a volume having more than 3 mm 
i n  diameter has been obtained.  
The s i z e  of t h e  i n t e r n a l  frac- 
(c) The propagation of a s i n g l e  crack i n  a s o l i d  i s  then 
Vi scoe la s t i c  behavior of t h e  medium i s  considered arialyzed. 
and t h e  time-dependent fracture i n f o w t i o n  i s  Liven. - 75; ;' I - 
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opera to r  A -- AkItroducing ’ 
i n t o  ( l ) ,  tne following wave equations will be obtained.  
(3) 
( 4 )  s2 (I/ v2g  = 0 *- N 
CY=& 
i v 2- where =r nl 
i f  a ,  b are t h e  ? , P  I n  spheroidal  coordinates  3 , 
l engths  of t he  major and minor axes r e spec t ive ly  and 
i n t e r f o c a l  d i s t ance  of the p ro la t e  spheroid,  then &-b’= f a  
and [l] 
2f , t he  
=- c; v y = o  
(7) a t’ 
because = g+ , where h e+ i s  the  u n i t  vec tor  i n  t h e  
d i r e c t i o n  of i nc reas ing  # . rv 
The boundary condi t ions  a re  such t h a t  over the  sphero ida l  
s u r f a c e  both the  normal and tangent ia l  stress components vanish.  
These condi t ions  can be expressed i n  terns of t h e  funct ions 9 
anG 2 . Let  /IS<M - , then f o r  vanish ing  normal -4 A 
2 . 
I . .  
stresses 
and f o r  vanish ing  shear  s t r e s s e s  
These equat ions  (8) and (9) must be s a t i s f i e d  on t h e  s u r f a c e  of 
4 t he  sphe ro id  3 = - 
f 
I n  the  neighborhood of t h e  focus  where de tona t ion  occurs  
the  rrraterial i s  sub jec t ed  t o  very l a r g e  compressive stresses.  
AS a r e s u l t  t h e  equat ions  of l i n e a r  e l a s t i c i t y  may not be appl ied .  
T h i s  s i t u t i o n  can be avoided by choosing a sphere of r a d i u s  E 
3 
- .  siich t h a t  ou t s lde  t h i s  sphere Lhe coapress ive  stresses are small 
enough t o  j u s t i f y  t h e  use of t he  l i n e a r  e l a s t i c i t y  equat ions.  
sarface "7 5 E 
d i t i o n a l  equat ions.  For normal stresses: 
I 
Consequently, t h e  inner  boundary cond i t ions  over  t h e  s p h e r i c a l  
I 
are describr-3le by t h e  fo l lowing  two ad- 
= PC8) 
(10) 
where P(LL/ i s  t h e  func t ion  desc r ib ing  t h e  normgl p re s su re  on t h e  
sphere as a func t ion  of t i m e .  For shea r  stresses: 
2 -  
(11) . 
The wave equat ions ( 3 ) ,  (7) and t h e  boundary condi t ions  (8), 
(9), ( l O j ,  (11) coinpletely specify the  problem. Although t h e  
4 
wave equat ions  can be  e a s i l y  separated i n t o  ordinary d i f f e r e n -  
i i a l  equat ions w'ii~s? s o l u t i o n s  are sphero ida l  
zero order  123 , I t  i s  e x t r e a e l y  d i f f i c u l t  to de te rn ine  t h e  
wave func t ions  of 
I. 
s o l u t i o n  s s t i s f y i n g  alT t h e  boundary condi t ions .  
the s ta te  of stress a t  a p o i n t  i n  t h e  s2heroid a t  any i n s t a n t  
Therefore ,  
cannot: %e deterinined by rou t ine  a n a l y t i c a l  methods. 
A Xet'nod of Analysis 
However, w e  s h a l l  i n v e s t i g a t z  only t h e  propagacion of t h e  
i n c i d e n t  d i l a t a t i o n  waves and t h e i r  r e f l e c t i o n  as w e l l  as t h e i r  
convergence. 
waves as diverg ing  from a sphere of r ad ius  4 t o  t h e  e n t i r e  space,  
For convenience , assuming t h a t  t h e  compressional 
the  wave propagat ion i s  r a d i a l l y  symmetric. 
o r d i n a t e s  (1) reduces t o  
Using s p h e r i c a l  co- 
where U i s  the  r a d i a l  displacement. 
The i n i t i a l  condi t ioh  i s  
The boundary condi t ions  are 
3L1 G- om= ( / 1 f Z / ) a y j -  
For s impl i c i ty ,  assume 
PCO= 4 
t h a t  P l f .  is of t he  form 
where A and a r e  suitable cons tan t s .  Then, u s ing  t h e  Laplace 
5 
. -  
ixanszorn and the  initial c o n d i t i m  (13), (12), a d  (14) can 
be p u t  r e s p e c t t v e l y  as foLlows: 
where 
g(C5)  f f 0 *u(tZ'le-$'d~ 
Solving (16) and s u b s t i t u t i n g  i n t o  (17) we o b t a i n  
The s i n g u l a r i t i e s  are a t  
f - B  
Invers ion  can be performed by c a l c u l a t i n g  residues.  For a spec i -  
fie case when Po i s son ' s  r a t i o  is  3 / , /I =ZM we can even tua l ly  
o b t a i n  the inve r s ion  f o r  c* 0 
Now l e t  us cons lder  t h e  r e f l e c t i o n  o f  waves. The r e f l e c t i o n  
b 
. 
of harxozic plar,e waves on t h e  s t r e s s - f r e e  i n f i n i t e  p l ane  i s  
a ProbLem which has  a s i m p l e  so lu t ion .  It i s  a f a m i l i a r  r e s u l t  
t h a t  when a dilatation wave i s  incLdent to a f r e e  plane su r face  
both d i l a t a t i o n  and shear  waves a r e  r e f l e c t e d .  
face i s  smilootiil and curved, w e  may d iv ide  t h e  su r face  i n t o  in-  
f i n i t e s i m a l  area elerrients and regarci each s u r f a c e  element as a 
plane su r face .  
boundary should  then be v a l i d  f o r  each su r face  element. 
c i d e n t  s p h e r i c a l  waves may a l s o  be regarded as plane waves when 
the  source o t  t h e  wave i s  s u f f i c i e n t l y  f a r  away (as compared 
w i t h  t h e  dimension of t h e  sur face  element) from the  i n f i n i t e s i -  
m a l  s u r f a c e  element. If the  source i s  n o t  f a r  -removed as is 
t h e  case i n  t h i s  problein, t h e  sphe r i ca l  wave can b e  expanded 
i n t o  plane waves us ing  double F o u r i e r  i n t e g r a l s .  
sumption made i n  t h i s  mechod i s  q u i t e  reasonable  [33 . 
If t h e  f r e e  sur-  
The l a w  of r e f l e c t i o n  of plane waves on a plane 
The in- 
Then t h e  as- 
L e t  A,, A,, /4j denote r e spec t ive ly  t h e  displacement am- 
- , l i t ude  of t h e  i n c i d e n t  d i l a t a t i o n  wave, t h a t  of t h e  r e f l e c t e d  
d i l a t a t i o n  wave, and t h a t  of t h e  r e f l e c t e d  shear  wave. I f d i s  
the a n g l e  between t h e  normal of t h e  f r e e  su r face  and t h e  d i r ec -  
t i o n  of t h e  i n c i d e n t  wave o r  t h a t  of t he  r e f l e c t e d  wave, 
i s  the angle  between the  normal of t h e  free su r face  and t h e  wave 
ni..rmal of t h e  r e f l e c t e d  shear  wave, then the  fol lowing equat ions  
andP 
must be s a t i s f i e d .  
7 
(A/ +A) ~ 0 5  ZP snd - A3 5;fi ~f -0 (24) 
These r e l ac ionsh ips  are  der ived foz plane harnonic waves of any 
frequency; hence, they may 3e appl ied  t o  plane waves which are 
a r b l t r ~ z y  func t ions  o f  tine. The displacement amplitude of a n  
i n c i d e n t  harmonic d i l a t a t i o n  wave of frequency a) can be ex- 
pressed  as 
where , 5/ are l o c a l  perpendicular  coord ina tes  wi th  x-axis 
p a r a l l e l  to t h e  outward noimal a t  p o i n t  of r e f l e c t i o n  on t h e  
. sphero ida l  su r f ace .  The amplitude of t h e  r e f l e c t e d  d i l a t a t i o n  
waves can be expressed as 
For an  a r b i t r a r y  frequency Q the only d i f f e rence  between t h e  
f u n c t i o n a l  forms of 4, and #z i s  due t o  t h e  d i f f e r e n c e  be- 
tween tke d i rec t io i l s  of t h e  wave normals. W e  conclude t h a t  when 
t h e  d i l a t a t i o n  wave u, ( Y ,  ,f) cha rac t e r i zed  by (21) i s  i n c i d e n t  
on a su r face  element with an inc iden t  angle  o( , t he  r e f l e c t e d  
d i l a t a t i o n  wave i n  t h e  neighborhood of t h e  su r face  element is 
* 
descr ibed  by 
8 
+&,-Ay + y - g p " . -  C& ZE 3 j O 5  3 : ( -  +,)I 
G 
(27) 
i s  t h e  d i s t a n c e  between t h e  s u r f u e  element and t h e  
A2 can be a l c u l a t e d  . A/ second focus.  The funccion p&?l= 
f rom (23) and (24) w i t h  h = 2 ~  . Thus, w e  ob ta in  
where P 
Taking s p h e r i c a l  coordinates  ( p ,  9 ,  #)  with the  o r i g i n  
a t  the second focus and the Z-axis  coincidi i lg  t h e  axis of t h e  
s;iheroid, then f o r  p o i n t s  on the sphero ida l  surface t h e  follaw- 
i n g  equat ion  must be  s a t i s f i e d  
S u b s t i t u t i n g  (29) i n  (27) we  can ob ta in  an expression fort$(,fk?t) 
Using t h i s  r a d i a l  displacement func t ion ,  t he  state of stress i n  
the  neighborhood of t h e  second focus nay be s tud ied .  T h a t  is, 
w i t h  UA ( f ,  e ,$ ) given over the  free su r face  
9 
i t  i s  Y q u i r e d  to fLnd the  r a d i a l  znd t a n g e n t i a l  displacements 
and s r i l l  P o r  f o r  p o i n t s  
( f ,  e >  i n  t h e  neighborhood o f  the secona focus.  
It should be  noted t h a t  t h e  f u n c t i m  Ua ( f  , 3 ,  t ) i s  on ly  
ap2;icable t o  poirrts on the  spheroidal  su r f ace .  Away from tk 
sphero ida l  su r f ace  the  i n t e r a c t i o n  ainong waves from su r face  ele- 
xients will change the  wave shape. Formula (27), w i t h  the  
l e f t -hand  s i d e  replaced by L/~(?, 3 ,  t ), does n o t  r e p r e s e n t  t h e  
propagat ion of a wave. Howzver, t h e  f u x t i o n  'u,(P, 8, i! ) as 
a time-dependent boundary condi t ion x t u a l l y  determines the  - 
state of stress near  t h e  secoad focus.  
It i s  seen t h a t  t h e  exac t  determinat ion of t h e  stress f i e l d  
i s  extrernely d i f z i c u l t .  However, some rough i d e a  could be ob- 
t a i n e d  mong several r e l e v a n t  q u a n t i t i e s .  It i s  of some i n t e r e s t  
t o  know t h e  s t r a i n  energy, t ransmi t ted  t o  t h e  second focus,  which 
c o n t r i b u t e s  t o  t h e  f r a c t u r e  around t h e  second focus.  I f  W; and 
w z  zre t h e  s t r a i n  ene rg ie s  corresponding t o  d i l a t a t i o n a l  waves 
be fo re  and a f t e r  r e f l e c t i o n  respec t ive ly ,  then i t  can b e  shown 
t h a t  
The ra te  02 t ransmission of energy a c r o s s  any c losed  su r face  
i s  ob ta ined  by i c t e g r a t i n g  (1) LS 
. . io 
where a i s  the  outward d r a m  ~ . o r m I . ~ 4 ]  . Evaluat ing ( 3 2 )  when 
=z/u the  rate of energy t r ansx i s s ion  ac:;iss t h e  s p h e r i c a l  
su r f ace  r=g 
Simi la r ly ,  t h e  rate of energy t ransmission t o  the  second focus 
a t  t h e  i n s t a a  
over  the sphero ida l  su r f ace  as 
I r-/-&(2a-d is  obtained by eva lua t ing  ( 3 2 )  
( 3 4 )  
- i n t e g r a t i o n  of ( 3 4 )  over a period of  time, say between 
g ives  t h e  t o t a l  M/t (d,f~,l t ransmi t ted  during t h i s  2er iod.  S ince  
a l l  paths  of t h e  d i l a t a t i o n a l  waves between two f o c i ’ a r e  equal ,  
t, and z! , 
che second focus will be  under u n i f o m  hydros t a t i c  tens ion .  W e  
can the-& assume t h a t  a small  neighborhood near  t h e  second focus  
i s  a l s o  under h y d r o s t a t i c  tension.  L e t  be the  r ad ius  of t h e  
, 
f r a c t u r e  and 5 the  amount of s t r a i n  energy p e r  u n i t  volume 
o r  ( 3 5 )  
Y 
' I n  case c i s  no t  known, ai;< i/h i s  t h e  maximum va lue  of 
w z q  tI-q-), 26- t,o and Vd is  t h e  minimin va lue  
below which no f r a c t u r e  w i l l  occiii', then, f o r  t h e  case A-2N 
P S d  
where p i g  h y d r o s t a t i c  p r e s s i r e  under which f r a c t u r e  occurs.  O r  
Z e l a t i c n  (36 ;  gives  a t h e o r e t i c a l  e s t i a t e  on t h e  f r a c t u r e  f o r  
a given p and )A/m. 
and g. It i s  i n z e r e s t i n g  t o  n o t e  t h a t  f o r  cons t an t  wa t he  
l a r g e r  t h e  va lue  of p t he  snaller i s  s . T h i s  r e l a t i o n  can 
s l s o  be used i n  t h e  es t imat ion  of h y d r o s t a t i c  p re s su re  f o r  
f r a c t u r e  i f  6 i s  measured. The t h e o r e t i c a l  va lue  of wm i s  
overest imated he re  s i n c e  a port ion of t h e  energy must b e  spent  
i n  indac ing  f r a c t u r e  n e a r  the  f i r s t  focus.  I f  ( 3 6 )  i s  used i n  
e v a l u a t i n g  p it  can be shown t h a t  w i l l  be underestimated. 
h o t h e r  matter t o  b2 not iced  i s  t h a t  be fo re  ( 3 6 )  can b e  evaluated,  
t h e  magnitude A i n  (15) must  be deLermined. This  by no means 
i s  easy.  However, i t  is reGsonable t o  assume t h a t  A should 
S e  t h e  same f o r  the  s a m e  ario~.-~;: of explos ive  used. This  would 
provide  c. wzy t o  study and compare wi th  experimental  r e s u l t s .  
Some experimental  d z t a  are shown i n  the fol lowing s e c t i o n .  
F i g  1 gives the  r e l a t i o n s h i p  between Lc/m-j$ 
p 
Scat2 o f  TucXal Teilsion 
5r.zcaxe of  ;i s o l i d  under a state of tri- 
. 7  
axis, Zensioz has iozg  Sez2 o f  interest to m n y  researc,l workers 
l51 . -7 i n i s  i s  p i - c L c u i a r l y  Crue i n  f ind ing  praczlcal methods 
f o r  o b a i n l n g  experimental  da t a .  One xethod o f  us ing  r e f l e c t e d  
i n t e n s e  n e c h a n k a l  waves and focusing them t o  a po in t  i n  a pro- 
la te  sphera l6  i s  found t o  be q u i t e  success fu l  under s u i t a b l e  con- 
d i c ions .  
s2heroid ixadc of polystyrene or polyinethyl methacrylate  materials 
extremely high compressional waves cUAi be c r e a t e d .  These waves 
r a d i a t e  ouz from the  v i c i n i t y  of che focal  po in t  and converge 
t o  t h e  second focus L f t e r  being r e z l e c t e d  from t h e  f r e e  spheroid- 
a l  su r face .  . A s  t h e  r e f l e c t e d  waves are t e n s i l e  i n  na tu re ,  frac- 
t u r e  occiirs when they converge t o  one p o i a t  2ar a s u f f i c i e n t  
lengch of time. 
F ig  4 snows some e x p e r k c z z a l  da t a .  
w i t h  t h e o r e t i c a l  r e s u l t s  i f  p ropor t l sna l  r e k i c t i o n  o f  t h e  s t ra in  
' <  
2y ex2lodiag lead  az ide  a t  one focus of a p r o l a t e  
F igs  2 and 3 i l l u s t r a t e  two f r a c t u r e d  specimens. 
This  com2ares f a i r l y  w e l l  
energy fzom explosive charges i s  assumed. 
i3y comparison of t h e  t h e o r e t i c a l  an< experimental  r e s u l t s ,  
i t  appears  t h a t  
which i s  conszant as ( b f m - 1 2 / , ) / s 3  i s  found t o  be i n v a r i a n t  
for zlinost any po in t  on ti:ie experimental curve.  
magnitude can be determined, then t h e  i n t e r n a l  stress 
I f  t h e  a b s o l u t e  
r equ i r ed  
f o r  f r a c t u r e  Ender a state of hydros t a t i c  t e n s i m  w i l l  bz 
obta ined .  
13 
. .  -r ~t zigL>Z zlso L e  of i z ? o r a x c s  t o  x e n t L x  that t h e  incep- 
tion of a c rack  a t  t h e  secozd IXLS of Lhe p r o l a t e  spheroid i s  
e s s e n t i a L y  Yesiilted. 3y a t y d r o s t z t i c  tens ion .  However, t h e  
s ta te  02 stress w i X .  n o t  be hydxos ta t ic  when the volume of 
fr- ,,Cure - sphere becoses appreciable .  
cause of t h e  geose t ry  of the prolzce spheroid but a l so  the in-  
complete r e f l e c t i o n  of t h e  ;?ulses f r a  t h e  sphero ida l  surface. 
Tnis is so not  only be- 
14 
(c) 
T ,r,:rodCc :Loll, 
~ h r e e -  3 L r . e x L o x i  Crack Pro?azation i n  a Transversely 
iso:ro?ic VLscoeiasiAc XzaFiia .  
After  t h e  i n i t i a t i o n  of a czbck i n  a s o l i d ,  t he  s tudying 
of the propagation of t he  crack i n  fracLilre processes'becomes 
necessary.  The bzs i c  knowledge lz:,zaed w i l l  be important i n  the  
prozress  of f r a c t u r e  zxchanics.  I n  genera l ,  matez ia l  bodies are 
predoaLnantl;- v i s c o e l a s t i c ,  the nolecules  of a s o l i d  become o r i -  
erited e s p e c i a l l y  i n  t h e  rzighborhood of a crack and the  medium 
I; l i k e l y  t o  3e t r ansve r se ly  i s o t r o p i c  as a z e s u l t  of homoge- 
neous deformaLion. 
t u r e  mecharrics, t o  cons ider  the c rack  propagation .probLem by 
caking i n t o  cons idera t ion  t h e  following important points :  
1. the  v i s c o e l a s t i c  behavior of material;. bodies;  2 .  the  anfso- 
t r o p i c  n a t u r e  of deformed s o l i d s ;  and 3 .  t he  three-dimensional 
f e a t u r s s  of t he  s ta te  of stress ar.d displacement fie:& as w e l l '  
as o t h e r  r e l a t e d  quan t l z i e s  i n  :he problem of c rack  propagation. 
It seems highly Zzs i rab le ,  i n  s tudying frac- 
I n  t h e  fol lowing sectisas tkz  e f f e c t s  of a f i a i t e  penny 
shaped crack on t h e  stress and displaceiaent f i e l d s  i n  an  i n f i -  
n i t e  t r ansve r se ly  i s o t r o p i c  v i s c o e l a s t i c  mediui., are  inves t iga t ed .  
RelaZions between the pressure d i s t r i b u t i o n  and t h e  opening of 
t h e  c rack  are der ived.  
opened-u;, crack i s  analyzed. 
w e  o b t a i n  r e s u l t s  fGz an expandhg c rack  i n  a v i s c o e l a s t i c  medium. 
Sumerical r e s u l t s  are a l s o  given for a phys ica l ly  r ea l i s t i c  ma-  
t e r i a l  f o r  which r e l axa t ion  da ta  are based on c e r t a i n  known re- 
Also, t h e  most l i k e l y  shape of t h e  
Lowing t h e  shaps of t he  crack,  
s u l t s  f o r  o r i e n t e d  mter ia l s .  
15 
invss  Ligated -ihe so l ac ion  
pzoblen f o r  a semi- inzini te  
a 
AS 
mixed bc indary 
a p r  e liininary , 
l e t  u s  a s s u r x  t h a ~  t he  riledlun is t r ansve r se ly  i soc rop ic ,  visco- ’ 
elast ic  and has ProperCLes s p m e t z i c a l  abaut  t;-‘e Z s  a x i s  ia 
ar’Dibv-v ,,,,y coozdiczte  s y s t e a .  ConsLder t h e  case tL t  t h e  
c r sck  pzopagation Is no t  s i g z i f i c a z t l y  a f f e c t e d  by i n e r t i a  
f o r c e s  of the  nedium, 2nd in the absence of body f o r c e s ,  the  
equat ion of motion becomes 
ishere 
ta tLms range over tP.2 i n t e g e r s  1,2,3 and summatiori over r epea ted  
ind ices  i s  implieG. Also s tands f o r  t h e  t r i p l e t  of coordi-  
9 (4,) i s  a syr;,-netric stress tensor .  All i n d i c i a 1  no- 
n a t e s  &, Z2, L3 . 
The c o n s t i t u t i v e  equations f o r  an a n i s o t r o p i c  v i s c o e l a s t i c  
medium can i n  gene ra l  be expressed i n  t h e  r’ollowing form for 
l a r g e  nonl inear  deformations. 
16 
;re anlso tzo2ic  fr;nctior.s of r e k x a t i o n  roci:i. It i s  assumed 
~ a z t  che body i s  La its --- LA.defor;;..ed s t a t e  sr.2 
w h m  f “ 0  , ar,d cy>;/ (X, 2.1 > 0 \ k e a  t>u . Under 
s u i t a b l y  zestricted condi t ions  it x y  be poss ib l e  t o  determine 
the g e s e r a l  response by ,sing Lhe s a m e  r e l a x a t i o n  functic,;; 
-1 C p Q  ( R J f ) =  0 
G$P LLf) . cc, 3Qd.l t/u,tl and #F j .&qX, t )  
nay be replaced by func th - . s  of ~ Q * ~ $ / ( X ,  fl . It Ls n a i x r a l -  * 
l y  expecced Chat f o r  l a r g e  deformations the  con t r ibu t ions  from 
the  double and t r i p l e  i n t e g r a l s  w i l l  no t  be negligibLy snall. 
However, for r e l a t i v e l y  snall deformations, t h e  f i r s t  i n t e g r a l  
a lone  w i l l  be s u f f i c i e n t  f o r  ob ta in ing  t h e  requi red  information 
[i]. To i l l u s t r a t e  t he  method of a n a l y s i s  we  s h a l l  cons ider  
t h e  l i n e a r  case so t h a t  the LapiLee trzr.sforrn technique may be  em- 
ployed. I n  t h i s  case  small s t r a i n s  and displacements 
ui (Z , f )  w i l l  be related as foliows * 
Use o f  the Laplace transform FL5) of a 
def ined  [TI by 
JO 
(39) 
f unc t ion 
will reduce t h e  f i r s t  o rder  i:.tqral re1atil;;ls ( 3 8 ) t o  l i n e a r  a l -  
geb ra i c  r e l a t i o n s .  
l y  i s o t r o p i c  m e d l a  symmetrical about & -;xis, (38) through the  
Limiting ourse lves  t o  homogeneous trmsverse- 
use  of (46)redisces t o  
17 
and 
18 
, S u b s t i t u t i n g  (42) i n t o  (41) w e  ge t  
19 

1 .  where 3 i s  a rezi  v a r i a b l e  and i=(-/p 
s o  c z a c e d  i s  ;;so haiT.onic b e c a u e  Gerivat ives  wi th  r e spec t  t o  
L3K W X  
The function 
p a r 2 s  are  a l s o  h a n o n i c .  
logarlt’hiiic p o t e n t i a l s  K~-:I enable u s  t o  solve the  problems i n  
are t h e  szie as  those wi th  respec t  t o [ i ~ ~ s > ~ t i ~ I  . 
@ L<<S> i s  cozplex ai-.: i t s  real  and imaginary 
w 
A j u d i c l o u s  cnoice of one of t h e s e  
which ;he proper boundary condi t ions  are s t i p u l a t e d  L>, I--1 . 
Forziulation o f  the Problem 
With t h i s  preliminary infoiqzr;ion, the problem of a penny 
shaped czack i n  an i n f i n i t e  medium can be reduced t o  t h a t  of a 
half-spzce wizh the  boundary condi t ions  
on Z=O plane 
k i k e r e  i s  the  r a l i u s  of the crack.  if t h e  crack i s  expand- 
Lzg, ..- Lllen --. R-,-;:,‘) . However, we w i l l  f i r s t  so lve  t h e  prob- 
lex of  aa unexpanding crack and then extend the  r e s u l t s  t o  t h e  
2 i  
i '  
- ( [&~~--/9%f 2 z  1 yd3 
(49 1 
where %(3,*S)  are s z b i t r s r y  5inctions t o  be determined from 
the bor;n&-q cozd i t ions .  S u b s t i t u t i n g  (48) into (47.; through the 
u e  of (46) w e  g e t  
and 
where 
22 
Differea tLat ing  With r e s p e c t  to p 
- 
-. 
-.siq ,$,[65> has t o  s a t i s f y  (51) 57. orde r  t h a t  t h e  d i s p l a c e -  
;nen~ S G L X ~ Z Y  c o r ; d i t l o n  Ls s a t i s f i e d .  i t  can be shown zhat  all 
:'ne boundary c o z d i t i o n s  x e  satisfied i f  we rnodify the above equa- 
t i o n  by a l i i n g  a Dlrac 3e;ta f u n c t i m  as 
where 
and 
S s b s t i t u z i n g  (54)  i n t o  (52), (48) acd (49) h c4;/S) , $& <q<S) 
On t h e  Z = O  plane 
23 
I 
= o  
O L Y L R  ‘ 
u4 h a 3  
(‘5 9 
Then, substituting ( 55) into (46 )  we get ,  on 2- 0 plaile 
= o  
24 
where 
S i ix i la r ly ,  t h e  res t  of the q u a n t i t i e s  can be cornputel. 
O L  Y 4 R  
(57) 
Zroin t h e  
r e s u l t s  ob ta iced  so  4ar i t  is a2parea.t t h a t  t h e  displacement 
uz (cq5) on the crack sur face  i s  r e l a t e d  t o  t h e  a p p l i e d  load- 
i n g  Chrough ,& f $,SI . - In other  words , the  displacement of t h e  
c rack  su r face  z u s t  be consL,z--- w i th  t h e  app l i ed  loading. 
the  q 2 i L e d  load f u x t i o n  pC4-5) requLred fG:  producing a des i r -  
a3le displacement &'~(,70,5) C a i 2  be z a s i l y  computed. To ob ta in  
such a r e l a t i o n ,  d i25e ren t i a t e  the  f i r s t  of (56) w i t h  r e s p e c t  t o  
Then 
- 
- 
r ,  ther, 
This i s  a l s o  a s i n g u l a r  i n t e g r a l  equazion which may be solvzd 
f o r  t7/(3,sj , f i n a l l y  LS 
4 
25 
where 
This  equat ion is  equivalerit  t o  t;-.2 f i r s t  of (56).  X s imilar  
r e k c i o n  bet-.r:sn t h e  c r d :  openins 
loa% p(5) can be oStaLned as 
gi (/fo,s) and t h e  to-cal 
The r e l a t i o n  expressed i n  (59) is h i p o r t a n t  because i t  g ives  a 
sc;rSace loading  d i s t r i b u t i o n  50: a y  prescr ibed  crack opening. 
Snzddon Ild has computed similar ; rGsu l t s  f o r  a pa rabo l i c  open- 
ing  o f  t h e  c rack  i n  an i s o t r o p i c  c i c s t i c  medium. Use of r e l a t i o n s  
(59) 2nd (60; 6 ~ ~ ~ ~ ~ - 3 ~ - : -  wlth z e r t a i  % a ~ r g y  cons ide ra t ions  w i l l  
eaable  us  t o  F 
czack, a t  leasc. . i , r  I 9 .,ic t r ansve r se ly  i s o t r o p i c  medium. 
To obzain results LE t h e  zea l  t i m e  domain invers ion  G f  t he  above 
equat ions  m u s t  be perforrkd.  
s i o n s   SI , J etc* and 2/52 and 261 w i l l  i n d i c a t e  t h a t  
GII e x a c t  i w e r s i c ; ,  of  t hese  expressLcLis In many case2 may be 
extremely d i f f ic i l i l ; .  Trlowever, the l i m i t i n g  s o l u t i o n s  a t  
- l i k e l y  shape of t h  openee-up 1 -  
t; nere examination of t h e  2xpres- 
i s o t r o p i c  as before  b u t  k -a s t l c .  
overhead bars denote Che corresponding q u a n t i t i e s  f o r  the elas- 
t i c  medhiz. L e t  us assuce t h a t  
3 e n  t h e  q u a n t i t i e s  without  
(61) U~.(CO)= b,+ b,r+ bzr2+ - - - ib,r* 
where bn are cons tan t s  t o  be d e t s n i n e d .  A/ i s  t h e  number 
t o  be chosen depending u?on the accuzacy requi red .  Zhe above 
equat ion  i s  q u i t e  genera l  s ince  azy smooth func t ion  can be ex- 
pressed  i n  t h i s  form. Coctinui ty  of &(rU.. r e q u i r e s  t h a t  
which expresses bo i n  t e n s  of o the r  bo and . For t h e  
e las t ic  medium i s  determined from t h e  G r i f f i t h ‘ s  c r l i e r i o n  
of f r a c t u r e  [liJ 
JfP/-U,= 0 
where W i s  f r e e  energy of an e las t ic  s o l i d  and L/ :Le su r f ace  
enzrgy. Then 
27 
acd 
I / =  ZTr??- 
(64) 
- - - -  where 7- i s  t h e  sil-rface t e n s l m  C, 2.2 rnaterlcl. - _ -  then  
b e  s t i p u l s t e d  tha; the c - r iz ica l  v a l u e s  of ?? and beare  those 
which minia ize  t h e  ener;y baiaxe.  The minimum i s  given by 
which gLve r i se  -io eqiln-: a L A O ’ L I S  
and 
N 1 b,, Grn0 (RI- 0 1 . m= d < - - - / ~  
(65) 
These are (N-t.1) equztions f o r  R and N number of bh tL=’,(nowns 
ana cza be solved. S u S s t i t u Z l z g  ~ h m  Ln (59) and (61) we ob ta in  
the most l i k e l y  shape of ~ ‘ n s  oper-2-up crack and the  correspocd- 
= o  
tilea we can u s e  t he  technique which has been used by Lee and 
k d o k  E21 
to s o l v e  t h i s  problein w i t h  bounding conditions given  i n  (67) i n  
t h e  case only when ~?(t1 
i n  c o n t a c t  pzGblens arid generc l ized  by Grahzm [13: , 
i s  an increas2ilg furx=tLon. If w e  
29 
. -  r e s t r i c t  the valid:il;y of the so lu t ion  t o  o L t L T such 
t h a t  R f f I L  Rm L Rflj , then the usua l  d i f f i c u l -  
t i es  o f  u s k g  t h e  Laplace transform f o r  moving boundary problems 
w i l i  be overcome. S ince  i s  an  a r b i t r a r y  number, the  vali-  
dity of the s o l u t i o n  for t h e - e n t i r e  t i m e  range can b e  e a s i l y  
e s t a b l i s h e d  when t h e  s o l u t i o n s  e x i s t .  Under t h e s e  cond i t ions  
(59) can be w r i t t e n  f o r  t h e  present  case but  i n  t h e  t i m e  domain 
where 
dp' (p- g p  
- (70) 
and B and # are d i f f e r e n t i a l  ope ra to r s  which are s i m i l a r  t o  
Lap lace  t ransform funct ions  BcSJ and z f 5 J  r e spec t ive ly .  I n  .' 
a d d i t i o n ,  w e  can transform (56) by us ing  the same technique. 
must be impressed t h a t  (69) holds only when 
It 
R f f )  i s  an in-  
c r e a s i n g  func t ion  and can be t r e a t e d  as a d i f f e r e n t i a l  equat ion  
f o r  I n  t h i s  case 
we  get  a c o n s i s t e n t  p re s su re  d i s t r i b u t i o n  f o r  t h e  given crack  
opening. 
f o r  ICr;"R(&J . Simi lar ly ,  (60) i s  modified t o  
Fc/;f) where the  right-hand s i d e  i s  known. 
A l s o ,  w e  can consider  (69) as a d i f f e r e n t i a l  equat ion  
where p(t) is t h e  t o t a l  load on t h e  c rack  s u r f a c e ,  
30 
. .  
. .  
then (69) ana (70) are I L r s C  oris dif:erei>tizl &c;uations GT.d 
hzve s o i u t i o n s  as 
wzz r e p ,  and Po are c o n s c a n ~ s  of i c t e g r a t i o n  and are t o  be 
evdua ted  zt 2f-0 . WE! can a l s o  ,a lve (69) and (2C; as 
(76) 
w k e r e  M and b/ are cons tan ts  of h t e g r a d o n .  HGsisver, i f  
3 A(s?l and A&+) a r z  higher order  d i f f e r e n t i a l  ope ra to r s ,  then 
s o l u t i o a s  of ( 7 3 ) ,  ( 7 4 ) ,  ( 7 5 j  and (76) w i l l  conta in  more t e r m s  
s i n - '  I~~LLS.LI  - to chose zlready obts ined,  and t h e  computations p re sen t  
no dli,,enlties. It can be shown t h a t  the results obta iaed  i n  
r -  
3 r  
t r o p i c  and t r ansve r se  media is ihe S ~ P ,  so  t h a t  many of the  
cor,cluslons i n  e i t h s r  cases would 3e expected t o  be t h e  same. 
ir t h e  czazk is not  c i r c u l a r  as a s sumd,  the  problem bzcomes - r  
S u t  s t i l l  csn be solved. t ha  t case the  
~ h s  pza2ar coryes2ocding r e s u l c s  w i l l  then be derived i n  t h e  
Sam coordlna te  s y s t e m .  
L e t  us  now cons ider  ii p a r s i c u l a r  case of  a crack  on which 
a uniform pressure  is z??l ied.  7 i r s t ,  w e  cons ide r  the  csse 
wk'erein R(f> = c o z s t a n t .  Then 
w k  r e 
a d  
H(tJ . i s  the  Heavyslde u n i t  stc., func t ion ,  
Oa t he  z = o  plane 
(7 4 
32 
*. .- -. . 
= o  
( 7 9 )  
S k i i a r l y ,  o t h e z  q u a n z l z i e s  can Z ~ S G  be cc;:.;i;ted. Befsze w e  can 
o3tai.r; any nuaerLcal r e s u y t s  we TT. ,L cor;si&r a p a r t i c u l a r  ma- 
t e r l a i  and i t s  pro2er:lzs. i: ray be .:.entioned t h a t  t h e  Lbove 
-r?s. . l  U r L ~  - are t r u e  ,or any geriezal v i s c o e l e s c i c  medium. Xow l e t  
2s cons ider  a ;nedlum tirkose b e h v i o r  c$&/ (f) 
by a scandard ,mear s G l i d .  
aaterl;i i s  givea by the foliowing d i f f e r e n t i a l  equation 
i s  r e2 rzsen tab le  
- .  7he response curve f o r  t h i s  model 
(80) 
where 6 and Ez a r e  e l a s t i c  cons t zn t s ,  7 2  is t he  v i s c o s i t y  
c o e f f i c i e n t  and 'z" t he  relax2:Lor; Line such t h a t  p=E,z- 
i n  bznerz l  f o r  var ious  Cq+;/(tI 
e n t  La di f fe ren t :  dL1ection.s. Fo r  a class of high p o l y i x r s  t h e  
e l a s t i c  proper ' t ies  f o r  a t ransverse ly  Lsotropic  mediurn a r z  
t h e o r e t i c a l l y  pred ic ted  i n  [14j . Choosing t h e  va lues  f o r / 2 5 %  
x i e n t a t i o n  w e  g e t  
E-"s and 7' s are d i f f e r -  
. -  
i s  r z lLc ivs ly  sirr,?le t o  Cetei’il;ine l a r g e  z;id s z a 2  t ine l i m i t i n g  
behavior 02 VLLOUS q c a t l t l e s  ;n - I T - \  c / / .  ,;so the  r e s u l t s  f o r  
’sre Gbzained t i s ing  on l y  the  firsLL approxiEation. 04 t<  go 
- In Fig  7 the d i sp iacesen t  
d inens ionless  rsdlus. 
L/z (cq rl i s  drawn a g a i n s t  t h e  
h‘ext 
us ing  t h e  
we cons ider  =he sane prablem fcr R = R ( t )  . .&ain 
first ap?ro::---xtiori as in (72) it can be shown t h a t  
If w e  assume t h a t  W,!/;t/ ia (67.; i s  give2 as 
34 
S u b s t i t u t e  (84) into (75) we get 
4 
Now p u t  (84 )  i n t o  (763 and solve f o r  ??lfl then 
where 80 i s  t h e  i n i t i a l  r a d i u s  of t he  crack.  I n  order  t o  ob- 
t a i n  reasonable  r e s u l t s ,  w e  m u s t  assume + O  . Some of t h e s e  
r e s u l t s  are shown i n  Figures  8 and 9 .  
c u r v e  i n  F ig  8 t h a t  a(!) assumes a f i n i t e  l i m i t  f o r  t = U  and 
t-00 * But  R f t l  i n  F ig  9 becomes i n f i n i t e  as can be ex- 
It can be seen from the  
pected from t h e  physical  reasoning. 
t h a t  t h e  c rack  m u s t  propagate away from i t s  cen te r ,  s ince  the to- 
t a l  load i s  increas ing  wi th  time. 
t i o n  i s  t h a t  R(f)  v a r i e s  approximately l i n e a r l y  wi th  t i m e .  
suggests  a r e l a t i o n  
It i s  i n t e r e s t i n g  t o  n o t e  
Another i n t e r e s t i n g  observa- 
This  
dR(r%N7J - dt  ' (87 1 
where I n  
many earlier i n v e s t i g a t i o n s  a cons tan t  rate of crack  propagat ion 
has  o f t e n  been assumed. 
obtainin:.  a n a l y t i c a l  resu l t s  f o r  cracks of d i f f e r e n t  shapes,  
v is' t he  s lope  of the curve,  and i s  near ly  cons tan t .  
Furthermore, t he re  i s  no d i f f i c u l t y  i n  
35 
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